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CHAPTER 1

Semigroups, generators and Markov processes

Notation
Let us start with some notation that will be used throughout the chapter.
o (M,d) is a metric space, B(M) its Borel o-algebra;

o B:= B(M,R) is the Banach space of bounded measurable functions f: M — R
with the supremum norm

If]] == sup | f(z)];
xeM
o B* is the dual of B, i.e. bounded linear functionals F': B — R with

I := sup [F(f)];
Ifl=1

o Cy(M) is the Banach space of bounded continuous functions f € B with the
supremum norm || f|[;

o For (M,d) is locally compact and separable, Cy(M) denotes the Banach space of
bounded continuous functions f € B that “vanish at infinity”, i.e.

Ve > Othere exists K C M compact such that |f(z)| <e Vze M\ K.

In addition the following convergence types will appear:

o For a sequence {f,}n>1 C B and f € B:
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- Strong convergence: f, < f means ||f, — f| ——— 0 and may also be written

as f=s— lim fy;
n—oo

n—o0

- Weak convergence: f, — f means |F(f,) — F(f)] =3 0 for all F € B* and

may also be written as f = w— lim f,.
n—oo

o For a sequence {Qy}n>1 of bounded linear operators on B and a bounded linear
operator () on B:

- Uniform convergence: @, 2 Q@ means ||Q, — Q|| n—00 0:
- Strong convergence: @, N Q@ means ||Qnf — Qf]| 17000 for all feB;

- Weak convergence: Q,, — Q means |F(Qnf)— F(Qf)] ==2% 0 for all F € B*
and f € B.

1.1. Contractive semigroups

We start with the basic property that defines a semigroup.

Definition 1.1.1. (i) A family of bounded linear operators {P; };>¢ on B is called
a semigroup if
P(]:Id and Pert:PSPt VS,tZO

(ii) A semigroup {P;}¢>0 is called contractive if
|2 <1 Vt>0.

Definition 1.1.2. The domain of strong continuity of a contractive semigroup
{P;}+>0 on B is defined as

By:={f€B: lim |Af~f] =0}

If B = By, then the semigroup is said to be strongly continuous.
The domain By enjoys several useful properties.

Lemma 1.1.3. Let {P;}+>0 be a contractive semigroup on B. Then,
(i) By is a Banach space.

(ii) For anyt >0, P,By C By.

(iii) f € By if and only if Prynf h—+> P,f for allt > 0.
—0

The characterization (iii) is useful to check whether B = By.

(©) Patricia Alonso Ruiz 2
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Proof. (i) By is a vector space (HW). To see By is closed, let {f,}n>0 C Bp such
that f, = f € B. We want to show that f € By, i.e. lim;_,o+ |P.f — f|| = 0.
Applying the triangle inequality and using the contractive property of P,

IS = SN < AP = Pofall + Pk = Fall + 1o = f
< NPT = Fall + 1P = full + 1 = /1
<2 = fall 4 1Pfn = full =550

0+

(ii) Let f € By and t > 0. We want to prove lim;_,o+ ||PrP.f — P.f|| = 0. By
virtue of the semigroup property and its contractivity,

1PhPrf = Pofll = |Prhief = Pefll = 1P (Prf = DI < 1P PR S = fIF < 1P = I
Thus, limsupy, g+ ||PnP: — P;f|| =0 and P.f € By.

(iii) =) follows from the computation above in (ii), <=) follows by setting ¢ = 0.
O

Where does one find semigroups? We will come back to this first example later!

Example 1.1.4. Let B = Cy(Z), A > 0 and define for any ¢t > 0

e k
Pif(z):=)» flz+ k e M.
k=0

{P;}+>0 is a strongly continuous contractive semigroup.

- Well-defined and contractive: Using the series expression of the exponential func-

tion e’\t

A k
121 <11 O = .
k=0

- Semigroup property: HW (algebra manipulations with the exponential series).

- Strong continuity:

00 k
1Bf £l =sup |3 £+ 9 L )

z€Z ' 0
> k
“u ; a+h %R e - 1)
S”f”Z M (1= e F = 20— ) ] 25 0,

(©) Patricia Alonso Ruiz 3
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In general one can think of the semigroup property as somewhat being ‘of exponen-
tial type’. This fact is reinforced by the next example.

Example 1.1.5. Let L: B — B be a bounded linear operator and define for any
t>0

[e.9]

This is a strongly continuous semigroup.
- Well-defined: For any n > 1,

> 4k
H Z k'LkH < ‘LkH < Z HHLHk < 6tHL|| < 00.

- Semigroup: (HW)

- Strong continuity:

+
1P — 1d|| = H Z k'LkH \L||’“ eIl — 1 207 o,

One of the most relevant examples is the semigroup associated with Brownian mo-
tion on R

Exercise 1.1.6. Let B = Cp(R") and define for any ¢ > 0

1 llz—yl?

Pif(z) = /Rn We_Tf(y) dy.

This is a continuous contractive semigroup.

We finish this first section with an a priori bound that puts again relevance in the
exponential flavor of the semigroup property.

Lemma 1.1.7. Let {P;}i>0 be a strongly continuous semigroup on B. There exists
M >1 and r > 0 such that

|2l < Me™ Vit >0.

Proof. Assume first that there exists M > 1 such that || P;|| < M for any 0 < ¢ < ¢y
and some fixed tg > 0.

For any t > 0 we write now t = ktg + s with 0 < s < tg and 0 < k € Z.
Choosing r = % log M > 0 we obtain from the semigroup property and our current
assumption

1Pl = | Prtgrs || = 1Pty Psll < (1Pt 1| Pl < 1125 |1 21

(©) Patricia Alonso Ruiz 4
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< ||Py || M < MM = em*opr < Memt,

To prove the initial assumption we argue by contradiction: Suppose that there is

no such tg > 0. Then, supy.s<y, || Ps|| = co. By Banach-Steinhaus theorem, there
exists f € B such that supy< <, || Psf|| = oo which contradicts the strong continuity
of the semigroup. O

1.2. Infinitesimal Generators

We start this section by recalling some differentiation/integration properties of
Banach space-valued functions. For a strongly continuous contractive semigroup
{P;}t>0 on B we define

d 1
o Differentiation: — Psf := lim —(Psypf — Psf) for any f € B.
ds h—0 h
o Integration: For 0 < a < b < oo and consider a partition of [a,b] given by

a=1y <t <...<t, =0>bso that max |tk — tr—1] 27 0. For any f € B, we
<k<n
define

a n
/b P.fds = s~ lim I;Pskf(tk —ti),

where si € [tg, tx—1] for every k, n.

We first state some useful properties of differentiation and integration for strongly
continuous semigroup on B without proof.

Lemma 1.2.1. Let {P;}i<o be a strongly continuous semigroup on B, then

() || Psfds|| < [, [|Psfllds, for all f € B and s > 0.

(ii) s—limh_m% tt+h P,fds = P.f, forall f € B andt > 0.

(iii) P (f; Psfds) = ffPtJrsfds = f::f P,fds, forall f € B,0<a <b< oo and
t>0.

(iv) [ L Pfds = Pyf — Pof, forall f € B,0<a<b< oo and s > 0.
We also introduce the main object we are going to study in this section.

Definition 1.2.2. The infinitesimal generator of a strongly continuous semigroup
{P;}+>0 on B is the linear operator

1
Lf:=s—1lim —(P.f — f). 1.2.1
fr=s—lim S(Pf = f) (1.2.1)
We denote the domain of L by
D(L) = {f € B, the limit in (1.2.1) exists}.

(©) Patricia Alonso Ruiz 5
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We will refer to the infinitesimal generator L as ” Laplacian”, since as we will see
in the next Theorem, it satisfies the Heat equation (in (ii)).

Theorem 1.2.3. Let L : D(L) — B be the infinitesimal generator of a strongly
continuous contractive semigroup {Pt}tzo; then

(i) D(L) = By and L(D(L)) C By. In particular for all f € By and t > 0, we have

/t P,fds € D(L) (1.2.2)
0
and
t
Pf—f=1L (/ Psfds) . (1.2.3)
0
(ii) For any f € D(L), we have P,f € D(L) and
%Ptf — LP,f = P,Lf. (1.2.4)
In particular
t t
Bf—f= /0 LP,fds = /0 P,Lfds. (1.2.5)

(iii) L s closed.

Proof. (i) D(L) = By : We prove this in 2 steps: first prove that D(L) C By then
Bo € D(L).

Given € > 0 and f € D(L), then by definition for any & > 0 the exists a tg > 0 such
that |Lf — }(P.f — f)|| < & for all t < {,. Then by inserting Lf and %(P{Of - 1)
we have

IPef = Il = 5 (Pef = 1) = Lf + L = = (Pof = D)+ £ (P = £
<SUGAS = )= LI+ L] = 2(Paf = DI+ (Paf = D

1
<1 <5+é+ (1P 171+ ufr)

1
< 2t <5—|—~Hf\|) ,
to

where we use contractivity of {P;} at the last line. Then by choosing

N €
to = min{to, ——— 1, we have [P f — f|| <e.
EF Y

To prove the second part, we first observe that, by Lemma 1.2.1 (ii), (iii),

(©) Patricia Alonso Ruiz 6
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Pf—f=bRf—-PRf
1 r prt+h h
= 3_,1}3})5 /t P, fds — /0 Psfds]

1T [ft+h t t
= s—1lim — / P, fds — / Psfds} (insert / Psfds)
h 0 h

h—0 h L
1 r rt t
:5—}1L1£%E _/0 Ph+sfds—/0 Psfds}
1 t
:5—}1L1i)T%)E(Ph—I) [/0 Psfds]
t
:L/ Psfds.
0

Since the equality holds for all fixed ¢, we see that limit in the second last line exists
and last line follows by definition of L, which proves (1.2.2) and implies (1.2.3) and
By € D(L) by choosing the sequence {f,} = {n Ol/n P, fds} C D(L).

Next if f € D(L) C By, then, by Lemma 1.1.3, since 1(P.f — f) € By and By is

complete, we have Lf € By.

(ii) Second equality of (1.2.4) follows from continuity of {P;}. To prove the first
equality, we notice that one side of the limit follows by definition of L, namely

li 1
S— 111m —
h—0+ h

(PoPuf — Pof) = LR,
since P,f € D(L). For the other side, by replacing h by —h, we have
s lim = (Panf = Bof) = s lim —(Pif = o)
Then
|5 (P.f ~ Pios) — LPS|
= H%(Pt_hth — P_pf) = PLf|  (second equality of (1.2.4))
< [Pl (Buf = ) - Pi |
< 5 Paf = £) = L7+ 12F = PaLAl| (IPeall < 1)

+
b0 0 4o,

where the last line follows by definition of L and strong continuity of P;. This
proves (1.2.4).
By Lemma 1.2.1 (iii), definition of L and (1.2.3), we have

(©) Patricia Alonso Ruiz 7
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'Ptf—f—/OtLPsfds

<
1 t ¢

+Hh(Ph_I)/O Psfds—/o LPsfds
t

/ P (P~ D)f ~ Lf)ds

0

(vanishes in limit by (1.2.3))

t
Rf=f=5P=1) [ Pugds

<

+ O(h) (by Lemma 1.2.1 (iii) and (1.2.3))

t
S/ ”%(Ph—f)f—LfHdS—FO(h)—h—_—>0—+—>0, (by definition of L)
0

which proves the first equality of (1.2.5). Second equality follows by second equality
of (1.2.4).

(iii) To prove that L is closed, assuming that {f,} C D(L), such that f, 2 f and
Lf, > g for some f,g € B, we want to prove Lf = g.
First observe that

h
'th ¥ —/0 Pugds

g

suam+nw—ﬁm+]

h
Pu(f — fu) + (Pafa— fu) + (f — ) — /0 Pogds

h
Puf— fo— / Pygds
0

h
SZHf_fn|’+’thn fn_/ sgdS

h h
=2||f — full + H/ P;Lf,ds —/ Psgds
0 0

(by (1.2.5))

h
<2llf — full + /0 IS — glds
n—oo

272040, (since f, = f and Lf, > g)

Then by Lemma 1.2.1 (ii) and definition of L,

g=5— hm / Pygds = s— hm (th f)=Lf.

Hence L is closed.

(©) Patricia Alonso Ruiz 8
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Example 1.2.4. Let A be a linear bounded operator on B and define {P;} as

o0
P =4 =3 %Ak. Let’s find out the infinitesimal operator through a priori

E=0
calculation.
1
||¥(Pt—f)—L||
1 otk 1 o tF
==y A —L|=A+=) —AF-L
I3 Ab L = A+ > Ak -
k=1 k=2
Lmth
<l +A- L)
k=2
1
< ;(et”A” —1—t[[A]) +[[A— L],

where the first term in the last line vanishes as t — 07 so if we choose L = A we
have L = s— lim (P, —I) = A.
t—0t

Example 1.2.5. Let B = Cy(Z) and, for f € B and A > 0, define {P;} by

c- (A)F
—A
Pf(z) = Zf(x—l—k:) € L
k=0
We showed in Example 1.1.4 that this is a strongly continuous contractive semi-
group. To find the infinitesimal operator, as in the previous example, we first do a
priori calculation. For f € B,

sup |- (Puf(2) = () — LS (@)
TEZL
1 Y VRS ADF

=sup| ¢ (f(x)e + i@+ DMe ™+ fla+k) e —f(a:)) — Lf(z)

* k=2 :

o0 k “Xt_

—sup |3 a4 O ) T e e - L)

T€EZ k=2 .

Y
< G =120+ sup ’f(:v)ett @+ N - Lf(@)
xre

in which the first term vanishes as ¢t — 07 just as before. For the second term, since
the limit

—At __ 1
@ DA = A (@) + M (@ + 1)
t—0+ t
exists. We have L = —AI + AT, where [ is identity operator and T is the right shift
operator (T'f(z) = f(z +1)).

(©) Patricia Alonso Ruiz 9
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Example 1.2.6. Let B = Cy(R") and for f € B define {PPM} by

1 —lz—y?
PP = [ e Sy

which forms strongly continuous contractive semigroup on B. Then after some
complicated calculation you can show that for f € CZ(R™)

(PBMf 262 En: R”(.%',t),
1,7=1

where R;; are remainder terms that converges to zero as t — 0 uniformly in x.
Then by density of C3(R™) in Co(R™), we see that L is Laplacian A = Y | 92
Note that {PPM} is not strongly continuous if we take B = Cj(R"), for they are
not even weakly continuous in Cp(R").

1.3. Resolvent

Definition 1.3.1. Let A: B — B be a closed operator.
(i) The resolvent set of A is the subset of R defined as

p(A) :={\€R: (M — A)~! is a bounded operator}.

(ii) The spectrum of A is the closed set
o(4) = R\p(A).

Strictly speaking, when we say A : B — B is a closed operator, we actually mean
n—oo

A: D(A) C B — B is closed, i.e. if {f,} C D(A), with f, —— f € D(A) and
Af, 22 g, then Af = g.

Observation 1.3.2. For A : B — B linear operator (not necessarily closed), we
can define the resolvent by

{\ € R: (M — A) bijective, (A\I — A)~! continuous on B and D((A\ —A)~!) = B}.
Moreover, if p(A) # () then A is closed. The resolvent set is open if A closed (HW).

Definition 1.3.3. Let A B — B be a closed operator. For each A > 0, the
operator Ry := (A — A)~! is called the resolvent of A (at \).

Lemma 1.3.4. Let A: B — B be a closed operator.

(i) Rx — Ry = (u — AN)RyR,, (Resolvent Identity).
In particular, R\R, = R,R).

(©) Patricia Alonso Ruiz 10
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(ii) For every A, € p(A), R\B = R,B = D(A).
(iii) If (0,00) C p(A) and ||ARy|| <1 VA >0, then

RyB = {f € B:|AR\f — | 222 0}.

Proof. (i) We have

Ry = RaR;'R, = Ry(ul — A)R, = Ry((n— N\ + A — AR,
=Ra((p— NI+ RyDHR, = (= NRAR, + Ry,

which gives us the result. In particular, using this identity for u # A we get
R)\Ru = (N - )‘)_I(R)\ - Ru) = (>‘ - N)_I(Ru - R)\) = R“R,\,
where the second equality follows by interchanging the roles of  and A.

(ii) We show first that RyB = R, B. Notice that it is enough to show R\B C R, B,
since by interchanging the roles of u and A, we get R,B C R)\B. To see this, let
f € R\B,ie. f= Rygfor some g ¢ B. We want f = R,h for some h € B. Using
the Resolvent Identity, we can write

f=Rxg=(p—NR\Rug+ Rug = R,((n — N Rxg +g) = Ruh,

for h = (u— A)Rxg + g.
To show RyB C D(A), let f = Ryg for some g € B. Then,

Af =(A= XD f+ANf=R'f+ M\ f=g+ARyg € B.

For the reverse inclusion, D(A) C Ry\B, let f € D(A). We want f = Ryg for some
g € B. We have

f=RaR'f = R\(M = A)f = Ryg,
where g = (M — A)f € B.
(iii) We first show that R\B C {f € B : |[AR\f — f|| 2225 0}. Let f = Ryg for
some g € B. Let also u > A. Then, using the resolvent identity, we have

pBS = f = pRuBrg = Rag = 51 (Rug = Rag) = ag
A

Therefore, since |[ARy|| <1, VA >0

1 1 1
pRuf — fll < —IIARxgll + —— luRugll < 2——|lg
Ry, | . | | M_AH ug|l M_AH |

(©) Patricia Alonso Ruiz 11
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So, taking lim sup in both sides, we have

limsup |uR,f — f|| < limsup /\HQH =0,
p—+00 p—roo M —

and we get the result.

A—00

To show that R\B C {f € B : [|ARxf — f|| =—— 0}, let {fn}n>1 C RxB such that
[ fn — fIl =22 0. Then, using the assumption that [|AR,|| < 1, VA > 0, we have

IARAS — fIl S IARAS — AR full + IARAfr — Sl + ([ fn = [
< ARANS = fenll + IARA S = full + [ fn = [
< 2||f - fn” + H + H)‘R/\fn - fn“

which goes to zero as A — oo and n — oo and we get the result.
O

Definition 1.3.5. Let {P;};>0 be a contractive semigroup on B with infinitesimal
generator L. We define the resolvent of {P;}+>0 on By to be the resolvent of L.

Theorem 1.3.6. Let {P;}i>0 be a contractive semigroup on B with infinitesimal
generator L. Then,

(1) The resolvent of {P;}>0 exists for any A > 0, and equals
Ryf = / e NP fds =: L], Vf e B.
0

(ii) RyBg = By, VA € p(L).

Proof. (i) We show first that £y is a bounded operator. Indeed, since {P;}+>¢ is
contractive, for each f € B, we have

o0 o
—As —As 1
et < [ e IPslas < [ e s = Sl

It remains to show that £y = (M — L)~'. In particular, for the right inverse, let
f € B, and we need to show

t
f=W—=L)Lyf=\—L)lim [ e *P,fds.
t—o00 0
It is left as an exercise to show that PS)‘ f = e P, f defines a strongly continuous,
contractive semigroup with infinitesimal generator Ly := L — AI. Therefore, we
have

t

(M — L) /Ot e P, fds= —L,\/O e MP,fds=f—PMN =f—e MPf, (1.3.1)

(©) Patricia Alonso Ruiz 12
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where the second equality follows from Theorem 1.2.3 (i). Now, since
le ™ Pufll < eIl == 0,

Taking limit as ¢ — oo in (1.3.1) we get the result.

For the left inverse, let f € B, and we need to show
f=Lx(AM-L)f.
We have
LALf = /OO e MP,Lfds = /Oo e MLP,f ds = /Oo e”\siPsf ds
0 0 0 ds

o0

:e*#y} +A/ e NP fds = —f + AL/,
0

0

where the second and third equalities follow from Theorem 1.2.3 and the next comes
from an integration by parts. Rearranging the terms above we get the result.

(ii) We first show that RyBy C By. To this end, let f = Ryg € R)\By. Then
o0
Bf—BRw—/‘emﬂﬁws
0
by part (i) of this theorem. Then with the change of variables, t = t + s, we have
00 5 B 00 - 5 t . N
P.f :/ e*)‘(t*t)ngdt =M [/ e*)‘tngdt —/ e)‘tngdt]
t 0 0
tor ] w0
=M [RAg —/ e)‘tngdt] = f-0=f.
0
Hence, f € By and RyBy C By. Since By is closed, this implies that in fact,

RyBy C By.
Next, we show By C RyBy. Let f € By and f,, :=n [;~ e *"Psfds € R,By. Then

we have
o0 (o]
n/ e "Pyfds — n/ e " fds
0 0

~ N—00

= [ e Pt = flas 2250

[fn = fIl =

<n / e Pof — fds
0

n—oo

because || P;/,, f — f|| %% 0 since f € By. So fr =% f, f € RxBy, and hence
By C R)By.

O]

(©) Patricia Alonso Ruiz 13
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Exercise 1.3.7. Show the resolvent of {PPM} >0 o1 Co(R) is

&ﬂ@—éy;eﬁmmﬂww

Example 1.3.8. Let us show that the domain of the infinitesimal generator L of
{PtBM}t>O on Cp(R) is
C3(R) = {f € Co(R)NC*(R) : " € Ch(R)} .

First, let f € D(L). Then we can write

f=R emx/ eV Mg (y)dy + 16“%/ ey (y)dy € Co(R)

1
SNV V2

I _e_mx/ Vg () dy + emz/ e~V g()dy € Co(R)
" =2\R\g — 29 € Cp(R)

so f € C3(R) and D(L) C CZ(R). The details of the equality for f” above are left
as a homework exercise.
Also notice that we have

fr=20f —2R'f =2 f —2\f+2Lf =2Lf (1.3.2)

so we see again that Lf = %f”.

Next, we show that C3(R) C D(L). The proof will be left as a homework exercise,
but we will give the general idea here. Let f € C3(R). We would like to show there
exists g such that f = Ryg, i.e. gR;lf. Based on equation (1.3.2), we can define
h = Af — 3f" (guess for g). Then we write the differential equation satisfied by
u = g — h and check it has only solution u = 0, whence g = h.

Corollary 1.3.9. Let {P;}+>0 be a strongly continuous contractive semigroup on B
with infinitesimal generator L. Then

AL = L)f| = Allfll, VfeB. (1.3.3)
(Note: an operator satisfying (1.3.3) is called dissipative)

Proof. By Theorem 1.3.6 and assumption, RyBg = By = B. Let f € RyBy. Then

1 1 1
IFIF = NExgll = SIARg ] < Sllgll = LA = L) fl.

(©) Patricia Alonso Ruiz 14
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Proposition 1.3.10. Let A: D(A) C B — B be a linear operator. Assume that
t—u(t) € D(A), and (1.3.4)

ts Au(t) € B (1.3.5)

are continuous functions for all t > 0, and for all € > 0,

u(t) = u(e) +/ Au(s)ds (1.3.6)

forallt >e. Then ||u(t)| < ||lu(0)| for allt > 0.
Proof. (Homework) O

Lemma 1.3.11. A strongly continuous contractive semigroup is uniquely deter-
mined by its infinitesimal generator.

Proof. Suppose {P;}+>0 and {Q¢}+>0 are strongly contractive semigroups both with
infinitesimal generator L. We would like to apply Proposition 1.3.10, with u(t) =
P, — Q¢ and A = L, so we must check the conditions (1.3.4), (1.3.5), and (1.3.6).
Condition (1.3.4) holds since P; and @); are continuous in t. By Theorem 1.2.3,
D(L) = By, so (1.3.5) holds. To see that (1.3.6) holds, notice that for t > ¢ > 0,

t d t
(P=Q)f = (P~ Qf = [ (P.=Qufds= [ L(P.~Qu)ds
g 13
where the last equality comes from the heat equation. Hence, we may apply Propo-
sition 1.3.10, and we have ||P; — Q|| < ||Po — Qo|| = 0 for all t > 0, so P, = Q; is
uniquely determined by L. O

1.4. Hille-Yosida Theorem

Definition 1.4.1. Let A : D(A) C B — B be a closed linear operator with
D(A) = B and (0,00) C p(A). For each A € p(A),

ANf=MAR\f, [E€B,
where R) is the resolvent of A, is called the Yosida approximation of A.

Some useful identities are given by

MRAf = MA = A+ X)Ryf = —A\f + N°Ryf (1.4.1)
= —AR\R M f + NRaf = AR\(—Ry ' + M) f. (1.4.2)

Note that (1.4.2) is valid as long as f € D(A).
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1.4. HILLE-YOSIDA THEOREM CHAPTER 1. SGS, IGS, MPS

Proposition 1.4.2. Let A : D(A) C B — B be a closed linear operator with
D(A) = B and (0,00) C p(A). If ||ARx|| < 1, then the Yosida approzimation of A
satisfies:

(i) Ay is bounded or all X € p(A)
(ii) AxA, = A Ay for all A\, € p(A)
(iii) Af = s—EmA,\f for all f € D(A)

Proof. (i) Using (1.4.1), |[Axfll = IIMARAf]| = [N2Raf — AfIl < AARASI| +
AIFI< 20171l

(ii) Using (1.4.1) again, A\A,f = (A2Ry — M)(u2R,, — pl)f, and these two
factors commute because Ry and R, commute

(i) [|Ax — Af]| = [ARyAf — Af|| 22°% 0 by Lemma 1.3.4 (i)
0

Theorem 1.4.3. (Hille-Yosida) A linear operator L : D(L) C B — B is the
infinitesimal generator of a strongly continuous contractible semigroup {P;}+>0 on
B if and only if:

(i) D(L) = B(= By) and

(i1) (0,00) C p(L) with [[AR,|| <1 for all X € p(L)
Proof. (=) By Lemma 1.3.4, D(L) = R)B, and by Theorem 1.3.6, R\B = By (= B

by strong continuity), so statement (i) is established. Statement (ii) follows from
Theorem 1.3.6 (i) in particular because

IARAS] < A / M| Pllde < |17

(<) Let PtA be the semigroup generated by L), the Yosida approximation of L
(P} := €' would be a reasonable construction). Claim: {P}} ), is Cauchy with
respect to A locally on compacts.

Proof of claim: Let A\, u € R. Then for f € B,

|p2r- Pt“fH - HPRP“f - RPL|

A
Pt n Py nd = Pitr=1)nFiin— -1y ynd

< ; Hpt)(\kfl)/nptlznfk)/n <Pt/n Piin )H
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<>, HPtA(k—n/n ‘
k=1

<t|[F (Pt = 1) = Laf| + 2|5 (Phus = £) = Luf |+ £1LAS = Luf

n—00 00

A
—— tIAf = Luf| =——

|7ihut = Pt

< n[Bas =Pt

1Pl i

0

for any ¢, so the claim is proven on D(L). This can be extended to all of B by the

density of D(L) and the claim is proven.

Hence, there exists P f := i—lim PtA f with uniform convergence on compact sub-
— 00

sets. Now it remains to check that {P;}:>0 as defined above is indeed a strongly
continuous contractive semigroup and that L is indeed the infinitesimal generator
of {P;}+>0. The former is left as a homework exercise.

For the latter, let H be the infinitesimal generator of {P;};>¢. Then for f € D(L),
we have

s =g < |5 (- ras)| 4| 5 (A1) - 1o

A—00

0.

\+ \Laf — L]

Showing the first of these terms tends to 0 is left as a homework exercise, but it
is very similar to the above ”telescopic series” argument. Also, note that D(L) =
REB = RIB = D(H), since the semigroups generated by L and H are the same,
meaning their resolvents are the same. O

Proposition 1.4.4. (Diagram)

(141) |
{Pt}tZO < > {R)\}Tﬁgléfent family on By)

(iv)

L:D(L)c B— B

(L is a closed linear operator and D = B)

(©) Patricia Alonso Ruiz 17
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1
Proof. (i) Lf =s— %iné Z(Ptf — f), see Definition 1.2.2.
ﬁ
(ii) P = ett
(ili) Using the Laplace Transform (1.3.6), Ryf = [;° e P, fds

)
)
(iv) Hille-Yosida
(v) L= — R}
)

(vi) Ry = (A — L)~

Definition 1.4.5. A semigroup {P;}+>0 is conservative if
P1=1Vt>0.

Theorem 1.4.6. Given the compact metric space (M,d), a closed linear operator
L:D(L)C C(M)— C(M) is the infinitesimal generator of a conservative strongly
continuous contractive semigroup, {P;}t>o if and only if:

(i) D(L) = C(M) (= Co(M) = Cy(M))
(ii) YA >0 and g € C(M) 3 at least one f € D(L) such that \f — Lf =g

(11i) The mazimum principle holds: Vf € D(L) and xy € M such that f(zo) =
|| flls it follows that Lf(xp) <0

(iv) 1€ D(L) and L1 = 0.
Proof. (=)

(i) Theorem (1.2.3) (i) = D(L) = By = C(M) (because M is compact)

(i) Theorem (1.3.6) = (0,00) C p(L) = g = Ry'Rag= (M- L)R\g =: f €
D(L) (D(L) = R)\B by Lemma (1.3.4))

(iii) We want Lf(xzo) < 0 given zg € M and f(zo) = | fll,- We check that
(Fif) (o) — f(zo) < 0:

Eif(zo) < [[Peflloo < Il flloe = f(0)

(the second inequality holds by contractibility)

: .1
(iv) L1 = s;l_%n ;(Ptl -1)=0(P1=1).

(«<=) The result(s) will follow by Hille- Yosida if we verify the necessary conditions:

(©) Patricia Alonso Ruiz 18
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1. Check that (0,00) C p(L)

Let A > 0. We want to show that (A\I—L)f = 0= f = 0. Suppose f # 0.
1
Then Jz¢g € M such that XLf(xO) = f(zo) = ||fll > O(WLOG) =
Lf(.’L‘()) >0
2. Check that [[ARy[|,, <1 VA
By compactness of M, for some zg, Af(xg) = ||\ fl, = H)\R,\R;lfﬂoo =
[MBgll., with g = By1f.

At the same time

Af(xo) = Af(x0) — Lf(20) + Lf(x0) = (M — L) f(x0) + Lf(20)
= Ry f(xo) + Lf(z0) = g(wo) + Lf (o)
< [[Aglloo
(Lf(xzo) <0 by the maximal principle)

It follows that R is bounded and L is closed. Hille-Yosida = The exists a semi-
group {P;}+>0 with L as the infinitesimal generator. Moreover, the semigroup is is
conservative due to the following:

ik
_ kq _
Pl = k:!L 1=1
k=0

(LF1 =0 for k > 1). O
Example 1.4.7. Say M = [0,1] Lf = %f” and D(L) = {f € C*(M) : f'(0) =
/(1) = 0}. Check the conditions:
(i) D(L) = C([0,1]) by Stone- Weierstrass.
(ii) Vg € C(M), f is the solution to
A =31 =g
f0)=r@a=0
(To solve for f is left as a homework exercise)
(iii) maximum principle: Show f(zo) = || fl.c = f"(z0) <0

For zg € (0,1) the maximum principle is satisfied for f € C%(M)
For z¢ € {0,1},

(iv) The last property follows from the setup

(©) Patricia Alonso Ruiz 19
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1.5. Stochastic processes and semigroups
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Lemma 1.5.1. Let X = {X;}i>0 be a F; adapted process. Then, TFAE:

(i) (Basic Markov Property) P(X; € A | Fs) = P(X; € A | 0(Xs)), VA €
B(M),0 <s<t<oo.

(i) E[f(Xe) | Fo] = E[f(Xe) | 0(X,)], Vf € B,0<s <t.
(iii) If s >0 and E € o(X; : t>s), then P(E | Fs) =P(E | 0(X5)).

(iv) Vs >0, FEFsand E€o(X; : t>s), P(ENF |o(Xs)) =P(F|o(Xs)) -
P(E | o(X5))-

Proof. In order to show that (ii) = (i), we assume f = 14 in (ii). Now, to
show that (i) = (ii), we first note that (ii) follows immediately for characteristic
functions (14, A € B(M)). Then, we follow the process of measure-theoretic induc-
tion (prove it for simple functions, non-negative measurable and any measurable)
to show that it follows Vf € B.
We now show that (iii) = (iv). Consider F € F; and E € o(X; : t > s). Then,

P(ENF |o(Xs) =Elg-1p | o(Xs)]
Note that o(Xs) C Fs and use the tower property

=E[E[1g - 1r | 0(X,)] | Fi
=E[1p E[lg | F | o(X,)]

Since o(X;) is measurable,

E[]-F]P)[E | ‘FS“O-(XS)]
= P(E |FS)E[1F ‘ U(Xs)] = P<E |~Fs) ) ]P)(F |fs)

O]

Definition 1.5.2. Let {P;},cn be a family of probability measures and {F;}+>0 a
filtrartion for (€2, F). A stochastic process X = {X;}~0 is Markov if

(i) X is F; adapted.

(ii) for each £ C F = 0’( U }"t>, the map x — P, (FE) is B(M)-measurable.
>0

(iii) the (weak) Markov property holds, i.e. Yo € M, A € B(M),s,t > 0,

Px(Xt-i-s cA | .7:5) = PXS(Xt S A)

Proposition 1.5.3. A Markov process X = {X;}i>0 satisfies the basic Markov
property for any P, x € M.
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Proof. Consider a Markov process X = {X;}4>0 and a z € M, P,
Px(Xt cA | .7:3) = Pm(Xt_s_A,_s cA | fs)
by the (weak) Markov property,

= PXS (ths € A)
=E;[Px,(Xi—s € A| 0(X5)]

by the (weak) Markov property,
— ]E:):[Px(Xt S A ’ ]:8) | U(XS)]

Note that o(Xs) C Fs and P,(X; € A | Fs) = Ez[1{x,ca} | Fs|. Using the tower
property,

— E[L(x,cay | 0(X.)] = Pu(Xs € 4] 0(X,)).
O

Definition 1.5.4. A function p : [0,00) X M x B(M) — [0,1] is called a time-
homogeneous Markov transition function if

(i) Vt >0 and x € M, A+ p(t,x, A) is a measure on M.
(ii) ¥t > 0 and A € B(M), x — p(t,x, A) is B(M)-measurable.
(iii) (Chapman-Kolmogorov Property) Vs, t >0, x € M, A € B(M)

Pt +5,2,4) = plt )+ pls, ) A) = [ bl At dy).
M
Note: (i) and (ii) are also known as the transition kernel and [ p(s,y, A)p(t, z, dy)

M
can also be represented as [ p(s,y, A)dp(t,z,y).

M
Example 1.5.5.
BM 2
p (tava) = f‘ 1 —lz—y|
——e 2t dy t>0
°$ \V2mt

is a Markov transition function

Definition 1.5.6. Let X = {X;} be a F;-adapted Markov process. A Markov
transition function p : [0,00) x M x B(M) — [0, 1] is a transitions function for X if
for all s,t >0 and A € B(M)

p(t,XS,A) = Pa;(XtJ,_S €A ’ ]:5) ]P’x — a.s.
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Theorem 1.5.7. Consider a filtration {F;}+>0 and a probability measure {Py}zenm
Let X = {Xi}t>0 be a Markov process. Then,

(i) fort>0,2€ M,A € B(M)

p(t,l?,A) = ]P)I(Xt € A)

(ii) the family of operators P, : B — B s.t. f— [ f(y)p(t,z,dy) = E.[f(Xy)] is
M
a contraction semigroup on B.

Proof. (i) A — p(t,z, A) defines a measure by definition of = +— p(t,z, A) is a
B(M )-measurable because X is Markov.
Now, we will show that Chapman-Kolmogorov property holds.

p(t + S, T, A) = ]P)QJ(XSth € A)
= Ex[Ex[l{XteA} | }—SH = Ex[Pw(Xt €A | }—S)]

by the (weak) Markov property

— B[Py (X € A)] = / p(t, Xo(w), A)dPy ()
Q

set y = Xs(w)

p(t,y, A)dPy 0 X (y) = / Pt y, A)Po (X, € dy)
M

p(t,y, A)p(s, z, dy).

S\ :\

(ii) We will first show that P; is a semigroup.

Pof(x /f p(0, 7, dy) = /f (X0 € dy) = f(x).

Also,

Pyof(a /f Dt + 5,3, d2)
:/ [M/f(Z)p(t,% dZ)} p(s, , dy)
M
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= /Ptf(y)p(s,m, dy) = Ps(P.f) ().

Now, to show that P, is contractive, we note that for all x € M,

PS@] <171 [ oo dy) <11
M
therefore | P f|| < || f]|-

Proposition 1.5.8. Let X = {X;}:+>0 be a Markov process. Assume:

(i) The Markov transition function is symmetric i.e. Vf,g € B with compact

support,
//f p(t, x, dy)p(dx) //f p(t, x, dy)p(dx).
M M

(ii) 3D ¢ BN L' (M, p) dense in L?>(M, ) such that Vf € D,

lim /f p(t,z,dy) = f(x) p— a.e. forxe M.

t—0t

Then, the associated semigroup P.f(z) = [ f(y)p(t,z,dy) in L*(M, p) is a strongly
M
contractive semigroup.

Proof. We only need to show that the semigroup is strongly contractive i.e. for
any f € L?>(M,p), %ir%Ptf = for }ir%|\Ptf — fllzz = 0. Note that D is dense in
— —

L?(M, ), so it is sufficient to prove the previous limits holds for any f € D. So,
consider a f € D,

1Pef = 13 = [Pt = pPdu= [Puffdu—2 [ Pef - gans [ fa
M M M M
By the dominated convergence theorem
lim/Ptf-fdu:/limPtf-fdM:/ﬂd,u.
t—0 t—0
M M M
Moreover,

[ nran= [ ([ rwptendy) utis)

M M M
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Using Cauchy-Schwarz

S//f2 p(t, z, dy) /ptwdy) (dx)

M

Since p(t,z,dy) <1

z\

< [ [ Pawtta.dputis)
M

Using symmetry,

I
S S —_

[ P@wtt.a.dyulo)
M

P >/ (t, 2, dy)p(d) /fzdu

Therefore,
ty |Pf = £ =ty [ (Pof — )
M
—lim/Ptfzd,u—2lim/Ptf‘fd,u+/f2du
t—0 t—0
M M M
iy [P [ P [ fa
t—0
M M M
~ iy [ P [ fp=0
t—0
M M

Theorem 1.5.9. Let p : [0,00) x M x B(M) — [0,1] be a Markov transition
function and p a probability distribution on (M,d). There exists a Markov process
X = {Xt}i>0 whose finite-dimensional distributions are uniquely determines by

]PLE(XO S A07Xt1 EAla"'uX // / t _tn 1y Yn— luA ) p<t7y07dy)u(dy0)
AO Al n
Proof. This follows from Kolmogorov’s theorem using the fact that the family of
measures {fp(t,a:, )/L(dx)} is tight. O
M t>0
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CHAPTER 2

Dirichlet form, infinitesimal generators, Markov semigroups

In this chapter, H is a Hilbert space with inner product (-, )y and norm || - [|%.

2.1. Closed forms and generators

Definition 2.1.1. A densely defined non-negative symmetric bilinear form & :
D(E) x D(E) — R (where D(E) C H) satisfies
(i) D(€) is a dense linear subspace of H.
(ii) Vf, g € D(€), £(f,9) = 0.
(iii) Vf,9 € D(€), £(f,9) = €(g, f)
(iv) Vf,g,h € D(E), E(af + bg,h) = a&(f,h) +bE(g,h).
Then, (£, D(E)) is called a symmetric form.

Definition 2.1.2. A symmetric bilinear form (€, D(E)) is closed if D(£) is a Hilbert
space (i.e. complete) with the norm

IFIIE, = ECF. )+ IfI3.  Vf € D).

Proposition 2.1.3. For any A > 0, let ||-||¢, be the norm || f|le, = E(f, )+ Al fI3,-
For any A1, A2 >0, || - |lg,, is comparable to | - [|¢,, -

Proof.

A A
I7llen, = ECF 1) + MU < 1 e, + 520 Nes, = (1+ S e,
2 2

26
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Definition 2.1.4. A symmetric form £ is closable if for all sequence f,, € D(E),

g(fn_fm7fn_fm)m>0} n— 00

oo = &(fn, fn) — 0.
[ fnllx —=0
Theorem 2.1.5. Let (€, D(E)) be a closed symmetric form on H. There is a unique
non-positive self-adjoint operator L : D(L) C H — H such that

(i) DIL)={feD(E):3heH st E(f,9) =—(h,9)n,Yg € D(E)}. And we set
Lf=h.

(ii) D(L)"" = D(&).
Proof. (i) For any A > 0, since (D(&, || - ||¢,) is a Hilbert space, for all f € H,
S e DE), st (hgle, = (f.9), Ihlley < IFI/VA, Vo € D(E).

Denote h = Ry f, then Ry is a bounded operator on both H and (D(E), |- |le,) with
[RAll < 1/X and [|[Rallp(e)e, < 1/A. And we have

E(RAS,g9) + MIrf,9) = (f,9) (2.1.1)

We want to show that Ry is actually the resolvent of L so that Lf = (A — Ry')f.
First, we check some basic properties of R).

(a) Ry, — Ry, = (A2 — A\1)Ry, Ry,. Indeed, substituting A\;,\s into (2.1.1) and
taking the difference, we obtain

g(Rz\lf - R)\Qf’g) + A2<}?)\1f - R/\2f7 g) = <(>‘2 - /\1)}?/\1.]07 g)
Applying (2.1.1) again to the above equation, we have
Ry f = Ry f = (o = M) Ry Ry, f.

(b) f =limy 00 ARy f in H for all f € D(E). See the proof of Lemma 1.3.4 (iii).

(c) R;\l exists: Ryf =0 = f =0. Assume Ry f = 0. Fix A > 0, for any A > )\,
by (a)

R;\f = R)\f + (A — S\)R;R)\f =0.

Therefore f = limy o )\R)\f =0.
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Now define L as Lf = (A—R;l)f with D(L) = RyH. Using (a) one can easily check
that this definition is independent of X. In particular, {R)}\>o is the resolvent of
L. So (0,00) C p(L) hence L is closed (also densely defined by (b)).

We now check that L indeed satisfies (i). For any f = Ryk € RyH, by (2.1.1),

E(f,9) = —(Af —k,g). So
R\VHC{feD(E):3heHst E(f g) =—(h,g)n,Yg € DE)}.

Conversely, if for f € D(E) there is h € H s.t. E(f,g9) = —(h,g)n for all g € D(E),
then we have

—&(f,9) + X[, 9) = (\f — h, g).
So f = R\(\f — h) € R\H by (2.1.1). Therefore,

D(L)=R\H={f e D(E):3heHst. E(f, g) =—(h,g)n,Yg € D)}

This implies that L indeed satisfies (i).

(i) We can now again proceed as in the proof of Lemma 1.3.4 (iii) to show that
JR— . -

D(L) t= D(€) using [ARx|Ipe).e, < 1.

Finally, since £ is symmetric, L is also symmetric (D(L) C D(L*), L C L*). It
remains to check that L is self-adjoint, i.e. D(L*) C D(L). If f € D( *), then for
all k € D(L), (L*f,k) = (f,Lk) = (Lk, f) = ~E(f.k). Since D(L)"" = D(€), by
continuity we have for all k € D(E), (L*f,k) = —E(f, k), hence f € D(L ) O

Example 2.1.6. £(f,9) = [ '+ ¢'dz, with D(£) = C§(R) the space of compactly
supported C? functions. Then & is closable and symmetric in L?(R, dx).

/f g'de = — /f” gdz = —(f", g).

ﬁ‘ﬁrs ﬁ_ﬂf/dr <0, and D(L) = C2(R) “! Where &1 is the Sobolev norm || f[|Z =

Theorem 2.1.7 (Spectral Theorem). Let L : D(L) C H — H be a self-adjoint
operator with spectrum o(L). There is a finite measure v on (L) xN and a unitary
operator U : H — L*(o(v) x N,v) such that

(i) f € D(L) < g(s) :=s-Uf(s,n) € L*(c(v) x N,v).
(ii) ULU Yp(s) = sp(s), Yo € U(D(L)).

(iii) UF(L)U Yp(s) = F(s)p(s), VF € Ce(R),p € L*(c(v) x N,v).

Theorem 2.1.8. Let L : D(L) C H — H be a non-positive self-adjoint operator.
Then,

E(f.9) = (=L)"Y, (=L)"?g)n, D(E) = D((—L)"/?).
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Proof. We want to show (£, D(E)) is closed, i.e. if {f,} C D(€) is &-Cauchy and
I fnllx — O, then E(fn, fn) — 0. Since —L is non-negative and self-adjoint, we

can apply spectrum theorem (or functional calculus) to get that (—L)Y/? is also
non-negative and selfadjoint (in particular closed). Therefore if (—L)'/2f, =222
then g = (—L)Y/20 = 0. O

Theorem 2.1.9. Let L : D(L) C H — H be a non-positive self-adjoint opera-
tor with associated closed symmetric form (£,D(E)). Then L is the infinitesimal
generator of a strongly continuous contractive semigroup {P;}t+>0 on H and

E(f9) = lim 5(f — Puf.g). D(E) = {f € H: E(f, ) < o0},

Proof. (1) The resolvent of L satisfies Hille-Yosida (HW), hence the associated
semigroup {P;};>0 exists. And also by Hille-Yosida P,f = el f for all f € H. By
spectral theorem, UP,U " 1p(s) = e®p(s) for all ¢ € L?(o(L) x N,v). Now, for
feH, let p=Uf

1 1 1 1

— U= P g = [ (= ePpls)e(s)du(sn)
o(L)xN

Taking ¢ — 0, we see that limy_, 1 (f — P.f, f) exists iff fU(L)XN sp(s)p(s)dr(s,n)
is finite. But

/(L)XN sp(s)p(s)dv(s,n) = (V—sp(s), V—s0(s)) 12
= <(_L)1/2f, (_L)1/2f>7{ . 5(f, f),

which is finite iff f € D((—L)'/?) = D(€). O

2.2. Dirichlet forms and Markov semigroups

Definition 2.2.1. A linear operator A : D(A) C L?>(M,u) — L?*(M, p) is called
Markovian if for any f € D(A) with 0 < f <1 p-a.e., we have 0 < Af <1 p-a.e.
{P;}+>0 is Markovian if P; is Markovian for all ¢ > 0.

Definition 2.2.2. (i) A normal contraction is a function ¢ : R — R such that
¥(0) =0 and [¢(s) —¢(t)| < |s—t| for all s,t € R.

(ii) For f € M — R, a normal contraction of [ is any function f =1 o f where
¥ is a normal contraction. In particular |f(z) — f(y)| < |f(x) — f(y)| and

[F(@)] < |f()].
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Definition 2.2.3. A closed symmetric form (€, D(£)) is said to be Markovian if
for all f € D(E), any normal contraction f of f satisfies

feD(E) and E(f, f) < E(f. f).
A Dirichlet form (D.F.) is a Markovian closed symmetric form.

Proposition 2.2.4. A closed symmetric form (£,D(E)) is Markovian if for all
f e D(E), we have

OVFALED(E) and EOVFALOVFAL)<E )

Theorem 2.2.5. Let {P;}4>0 be a (symmetric) strongly continuous semigroup in
L?(M, ) that is Markovian. There exists a symmetric Markov transition function
p(t,x,-) such that

P f(x) = /M f)p(t,z, dy)
for all f € L>(M, ).
The proof of this theorem uses the bi-measure theorem.

Theorem 2.2.6. A closed symmetric form (€, D(E)) is Markovian iff the associated
semigroup {P;}¢>0 is Markovian.

We prove this next, but first we introduce the following definition.

Definition 2.2.7. Let H be a Hilbert space. We call C' C H a cone if for any
feC, wehave af € C for all o > 0.

Lemma 2.2.8. Let C C H be a cone and assume that for oll f € H, there is f e
such that

1l < 1 f e (+) and [(f,h)ul < (F h) i (o)
for allh € C. Then f = f whenever f € C.

Proof. Simply note that if f € C, by using (x) and (xx), we get
1F = FllEr = 1 = 2(f, Py + 1 FlIF <o.

We now prove Theorem 2.2.6.

Proof of Theorem 2.2.6. We first prove the forward implication. We want to show
that whenever 0 < f < 1, we have 0 < P;f < 1. Recall that Ex(f,9) = E(f,9) +
M f,g)r2 is an inner product in D(E). Consider the cone C' = {Ryf : f > 0}. Let
g € D(E). Note that

Exlgl, Baf) = E(gl, BxS) + Xlgl, Baf)r2
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= —(lgl, LRAf) 12 + Xgl, Rxf) 12

=(lgl, (Ml = L)Rx[) 2

= (lgl, f)r2 (2.2.1)
> (g, f) 2]

= |Ex(g, RAS)]

where the second equality follows from theorem 2.1.5. Also note that

2
9ll[e, = gl 19D + Xlgl, l9]) 2 < E(g.9) + Algll72 = Ex(g. 9)

since |g| is a normal contraction of ¢ and (€, D(€)) is Markovian. Then, by the
previous lemma, |Ry)f| = Ryf and so Ryf > 0. In particular, for A > 0, we have
ARNf =0V ARy f. Note that

g:=(0VARNf)N1
is a normal contraction of ARy f, and so £(g,g9) < E(ARAf, AR\ f). Thus

IARASF = gllZ, = A2EX(RAS, Raf) — 20Ex(RAS, 9) + Ex(9, 9)
= N(Raf, )1z = 2Mf, )12 + E(9,9) + Mg, 9)
<A RAS, )12 = 20, 9) 12 + EARAF, ARAS) + Mg, 9)
= MBS f)rz + AIf = gl + NERAS, BAf) = MS. f)re =0,
where the second equality follows from (2.2.1), and we leave the last equality as

an exercise, cf. Exercise 2.2.10. Thus g = AR, f, whence 0 < AR)f < 1. By
Hille-Yosida’s approximation,

(o) k
o AORA-T) ¢ _ o 1o AN (EA) k
P f = s-limy_ o€ ATHf = s—)\h_r)n e kgo X (ARN)" T,

so the above implies that 0 < P.f < 1, as desired. We now prove the reverse
implication. We want to show that £(g,¢g) < £(f, f) for any normal contraction g
of f. Note that

(9—Ptg,g>L2:/ gzd/‘_/ Big - gdu
M M
:/ (1—Ptl)g?du+/ (Pil-g— Pg) - gdp
M M

- / (1 - P1)gdu + / / (P(@) — g(@)g()p(t, z, dy)du(z).
Y ne (2.2.2)
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Now, by the symmetric property of p(t, z, dy), we have [,, g (2)p(t, z,dy) = Jur g*(y)p(t, x, dy),
so by writing ¢?(z) = 39%(z) + 3¢°(z) and completing the square in the last ex-
pression gives

(9—Pg,9)12 = /M(l — P)g*dp + % /M /M(g(x) — g(y))?p(t, z, dy)dp(z)
< [ a=pnpaus [ [ (@)= ) ot danto
= <f—Ptf,f>L2

since ¢ is a normal contraction of f. Therefore

£(9.9) = lm (g~ Pog.ghu, < lim {f — Pif, f)r, = E(. ).

O]

Example 2.2.9. Let (V, E) be a finite graph and write x ~ y whenever two vertices
x,1 are connected by an edge. Then

£(f,9) = 5 S 1@ — F)]lo(a) — o(y)]

is a Dirichlet form on

DE)=LV)={f:V>R:>_ f(x)deg(x) < oo},

zeV

with infinitesimal generator given by

LI(w) = g (@) - 1))

y~z

If we denote the adjacency matrix of the graph by Adj and ¢ := deg(x), we then
have L = %Adj — Id in matrix form.

Exercise 2.2.10. Let (£, D(€) be a Dirichlet form in L?(M, u). For any A > 0,
the bilinear form

(fa ) < (I )\R)\)fa > fyg€L2(M7:U’)

is sometimes called the Deny-Yosida approximation of (£, D(E). Prove that

N(f,9) = EQRASARAS) + A f — g2
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2.3. Energy measure & carré du champ operators

Proposition 2.3.1. Let (£, D(€)) be a Dirichlet form in L?*(M, ). For any non-
negative h € L (M, u) N L?(M,p) and f € D(E) N L®(M, i),

1
0 < E(f,hf) = 5E, ) < IR (F, ).
Proof. To estimate £(f, hf) note that as before in (2.2.2),

(f — Pofohf) g = /M<1 ~ P) Py + /M /M<f2<:c> — @) F @)l . dy)h()dp(z),

and to estimate E(h, f?),

S =P e =5 [ =P Phaieeg [ (@) -n@)et.a. ) P @),

Subtracting the two gives

;/M(l — P1) f*hdp + /M /M [%J@(m)h(w) — (@) f(y)h(z) + %fg(ﬂv)h(y)}p(t,x,dy)du(:p)
= 5 [ a-rnprdus s [ [ n@re) - £)Pptadnto

< ] [ = POPdus 5 [ (@)= @) i)
= [[Blloc(f = Pefs f)re,

where we use the symmetric property of p(t,z,dy) to then complete the square
in the first equality. The claim follows by dividing over ¢ and taking the limit as
t— 0. O

Theorem 2.3.2. For any f € D(E) N C.(M) there exists a unique Borel measure
vy such that

Fy(h) = (f,hf)—f5hf /hdyf
for all h € C.(M).

Proof. By the last proposition, the linear function Fy(h) is non-negative and con-
tinuous, so by Riesz-Markov’s representation theorem, we obtain the existence of
the Borel measure vy. O

Recall that v; satisfies:
VK compact, v¢(K) < oo,
VE € B(M), vi(E) =inf{v;(U) : E C U, U open},
VE open, vs(E) =sup{ry(K): K C E, K compact}.
vy is called the energy measure of f associated to (€, D(£)).
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Definition 2.3.3. A Dirichlet form (&, D(£)) in L?(M, 1) is called regular if there
exists a subspace C C D(E) N C.(M) such that

1. C is dense in C.(M) with respect to || - ||oc-
2. C is dense in D(E) with respect to || - lg, = (E(-,-) + | - H%Z)I/Q.

Observation 2.3.4. For (£, D(£)) regular and any f,g € D(E),

(Vi+g = V5 — Vo)

l\D\H

Vig =
defines a signed measure.

We following bilinear form was introduced by Kunita in [?]. It measures the failure
of an infinitesimal generator to satisfy the Leibniz rule.

Definition 2.3.5. Let (€, D(€)) be a D.F. in L?(M, u1) with infinitesimal generator
L:D(L) C D) — D(&). Further, let A C D(€) be a subspace such that fg € A
for all f,g € A. The bilinear map

T(f,g): Ax A— L*(M,p)

1
(f:9) = 5(L(f9) = fLg — gLf)
is called the carré du champ operator associated to L.
Energy measure: £(f, fh) — 3E(h, f?) = [}, hdvs, h € Ce(M)

Definition 2.3.6. A D.F (£,D(€)) is called local if Vf, g € D(E) with compact
supports such that supp(f) N Supp(g) (), then E(f,g) =0
It is called strongly local if Vf, g € D(£) with compact supports such that g|,,(r)=constant

, then £(f,g) = 0.

Theorem 2.3.7 (Beurling-Deny). Let (£, D(E)) be a regular D.F in L*(M, u)
There exists unique positive Radon measures J,k and a unique strongly local D.F

(E¢,D(E°)) such that :

eha) =+ ] (G@=-Fw)a@-gw)In )+ [ feglk)

M x M\dlag

for any f,g € D(E). J is called a jumping kernel measure, while k is called the
killing measure.
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CHAPTER 3

Dirichlet forms on fractals

3.1. Self-similar sets

Chapter 3 : DF’s on fractals - (SG) Motivation : Sierpinski Gasket
Q: Does there exist ”intrinsic” BM on SG?

Al: Limit of rescaled random walks

A2: Limit of DF’s

3.1 Self-similar sets

(M, d) complete metric space

Definition 3.1.1. A map ¢: M — M is called Lipschitz continuous (w.r.t. d) if

oo sy AEE@EE)

z,yeM,x#y d(337 y)
When Lip ¢ € (0,1), we call ¢ a contraction map.

Remark : Since (M,d) is complete, by the Banach fixed point theorem, for any
contraction ¢ : M — M , 3z € M such that ¢(z) = x.

Proposition 3.1.2. Let K(M)={K C M , K compact non-empty}. For any U,V
subsets of M define :

o (U, V)=inf{e >0: U C V. and V C U}

where V is defined by V. = |,y B(z,€).
This metric is called the Hausdorff metric, and (K (M), par) is a complete metric

space.
Proof : HW
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Note: The above metric on K (M) is not the same as the
p* (U, V) =inf{d(z,y) : x € U,y € V}

on K(M).
Indeed, pick M=Z , U = {1,7},V = {3,6}. Then p*(U,V) =1, but p(U,V) = 2.

Lemma 3.1.3. For any Uy,Us, V1, Vo in K(M),
pr (U U U2, Vi U Va) < max{pr (U, V1), prr (U2, V2) }.

Proof. Let r > max{ppr (U1, V1), par (U2, V2)},

Then Uy € (V1),, Vi € (Ur), and Uz C (Va),, Vo C (Uz),

Therefore, Uy UUy C (Vl U VQ)T and V1 UV, C (U1 U Ug)r

And thus, pp (U UU2, ViU VR) < O

Lemma 3.1.4. Let ¢ : M — M be a contraction (w.r.t d). Then v : K(M) —
K(M), Uw— (U) is also a contraction (w.r.t ppr)

Proof. We need to show that there exists some constant ¢ € [0,1) such that
oy (W(U), (V) < cpp (U, V), for all U,V € K(M), so fix U,V € K(M).

Let e > 0. If U C V. and V C U, (and thus pp (U, V) <¢) ,

then P(U) C(Vz) € (U(V))eLipy)

Y(V) CP(U:) € (V(U))erip)

Theorem 3.1.5. Let {1;}¥, be contractions in (M,d).

The map ¢ : K(M) — K(M) , U UN.,4;(U) , has a unique fized point, F.
(i.e. F=UN (F) ).

Also, for any V in K(M), ppr(¥™(V), F) — 0 as n goes to infinity.

Proof. Let U,V € K(M).

By applying the preceding two lemmas, we get

pu(W(U),¥(V) = pu(UL1i(U), U ¢i(V)) < maxi<icn prur ($i(U), 9i(V))
(maxi<i<n Lip(1;))pm (U, V)

Example 3.1.6. Consider ¢; : R? — R? , i =1,2,3
T 4 p;

are contractions with Lipy; = %
JIF € K(R?) such that F = U3_,v;(F)

Approximating graphs will have vertices Vo = {p1, p2, p3}.
Let Vi, = 4" (Vo) = Uw6{1,2,3}"¢w(‘/0)

LTIA
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Proposition 3.1.7. Let {1}, be a family of contractions in M with unique fized
point F e K(M). For any {p;}Y., < (0, )N with SN | pi = 1, there exists a unique
probability measure on F such that

N
p(A) =D _pin(y ' (A)) VA CF Borel (3.1.1)
=1

This measure is called the self-similar measure.

Proof. Idea: apply Banach fixed point theorem on a suitable metric space of mea-
sures. Consider the space

Mp = {u : Borel probability measure on F' with bounded support},  (3.1.2)

endowed with the metric
pr (i 1) ::sup{r [ g~ [ saal i) < 1andfbounded}. (3.13)
F F

HW: (Mp, pr) is a complete metric space.
Define the map & : Mp — Mp by

N
(v)(A) == piw(¥i'(4)), ACF Borel. (3.1.4)
=1

In particular, for any v-integrable function f : FF — R, we have

N
/lmfdé(y):;pi/Ffowdy. (3.1.5)
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By computation, ® is a contraction:

pr(®(p1), ®(p2))

=sup{‘ R R TIE
N

S (/lmfowidm—/FfowiduzM: Lip(f)gl}

Lip(f) < 1}

N
< i oY;duy — o;d : Li <1
_Zpsup{‘/f Pidpn /Ff Pidpia ip(f) }
<Zlep b) sup{] [ Lipw) 7 f 0w — [ Lin(w) ™ f o+ Lin() <1}
< szLlp ) Sup{‘ / gdp1 — gduz : Lip(g) < 1}
< max Lip(¥ Z;pz - pr (s p2)
< pr(p1, p2),
(3.1.6)
where we used the fact that Lip(Lip(v;) " f o ¢;) < 1. O

Example 3.1.8 (Sierpinski Gasket). Set ¢; : R* — R?, i = 1,2,3 with z — i 4p;,
and let u be the standard Bernoulli probability measure on SG. Then,

pA) = 3 37 (A)). (3.1.7)

Fact: p is equivalent to the iggg—HauSdorﬁ’ measure.

3.2. Convergence of Dirichlet forms

Motivation We learned that on a finite graph like (V,, E,,) the bilinear form
W f) = 5 2y (@) = ()
(5( )= CVaypn) = {f: Vo = R: 3oy [f(@)], deg(z) < oo},
defines a Dirichlet form on £2(Vj,, ). Since V,, — SG, we would wish £ — &.
Questions:

(3.2.1)
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1. How does one understand convergence of Dirichlet forms? (When each lives
in a different space)

2. Would the sequence {(£(, D(£(™)},>1 converge?

Definition 3.2.1 (Convergence of Hilbert spaces). A sequence of Hilbert spaces
{Hn}n>1 is said to converge to a Hilbert space H if there exists a dense subspace
C C H and a sequence of operators {®,, : C — H,,} such that

lim (| fll2, = [ flln, VfeC. (3.2.2)
n—oo
Example 3.2.2. For each n > 0 consider the measure in V,, given by

2.7l ifx eV, \
un:{ ifzeVa\Vo (3.2.3)

37l ifr e

Further, let C = C(SG) C L*(SG, ) and define ®,, : C — L?>(Vyy, i), f = flv,-
Then,

: : 1 -n 2 -n
Jim (@ Iy, ) = lim 2 D37 @P S Y 3T (@)

zeVp wEVn\VO
= JE& 3 Z > F@upi) u(thu(SG))  (3:2.4)

=1 |w|=n:w is a word

- / (@) dp
SG

Definition 3.2.3 (Convergence). Let H,, be a sequence of Hilbert spaces converging
to a Hilbert space {H},>1. A sequence with f,, € H,, is said to

1. strongly converge to f € H} if there exists {f,}n>1 C C such that

an — fllg — 0 and liglnlimsup H<I>nfm — fulln, = 0. (3.2.5)
n

2. weakly converge to f € H if for all {gy}n>1 with g, € H,, and g, > g € H
strongly, it holds that

<fnygn>H\ — <f7g>’H' (326)

In particular, if f,, — f strongly, then || fnlln, — ||fllx- A sequence of bounded
operators {Ly,, : D(Ly,) C ", — Hp}n>1 is said to strongly converge to an operator
L: D(L) C H— H if for any sequence f, — f strongly, we have L, f, — Lf
strongly.
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Example 3.2.4. For any f € C(SG), the sequence f, := fl|y, converge strongly
to f by choosing fn = f.

For any f € L?(SG, i), by density of C, select a sequence { fn} C C converging to f
in L2, and set f, = fn’Vn Then, f,, converge strongly to f.

Definition 3.2.5 (G convergence and Mosco convergence). A sequence of sym-
metric forms {&,, D(&,) }n>1 is said to I'-converge/ Mosco-converge to a symmetric

form (€, D(E)) if
1. for any {fn}n>1(fn € Hp) and f,, — f € H strongly/ weakly, we have

E(f ) < liminf &,(fn, fn), (3.2.7)

and

2. for any f € H there exists {f,}n>1(fn € Hp) and f,, — f € H strongly and

E(f, f) = limsup &y (fn fn)- (3.2.8)

n—oo

Example 3.2.6. The sequence {&,,¢(V,,)} where ¢(V,,) = {f : V,, = R} Mosco
converges to

Theorem 3.2.7. Let {H,}n>1 be a sequence of Hilbert spaces that converge to a
Hilbert space H. A sequence of Dirichlet forms {Ep, D(En) }n>1 (on Hyn) Mosco con-
verge to a Dirichlet form (£, D(E)) (on M) if and only if the associated semigroups

{Pt(")}tzo converge strongly to {P;}+>0

Proof. WLOG, set H,, = H.

—) By Hille-Yosida theorem, it suffices to show that R f — Ry f strongly for
A

any A > 0 and f € H.

Fix A and f. Since ||R§\n)|\ < % (by theorem 1.3.6(i)) uniformly in n, there exists a

subsequence RE\n’“) — f weakly.

1. Claim: f = Ryf

Proof. We will use the following: (HW) R, f is the unique minimizer of

E(9,9) + Mg, 9,)mn — 2(f, 9)n- (3.2.10)

This imply (for any g € H and n > 1)

En(9,9) Mg, 9. )0w—2(F,9) > E(R £, R )+ AR £, B py—2(f, BRIV f).
(3.2.11)
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By definition of Mosco convergence, there exists a sequence {g,} such that
gn — f strongly and

limsup €n(gn, gn) < E(f, f)- (3.2.12)

By weak convergence of R(Ank) f, Mosco convergence, and the above observed
facts, we have

EF D+ M =2 )

< liminf[&,, (9,9) + Mg, 9) — 2(f., 9)]
<limsup&,(g,9) + Mg, 9) — 2(f, 9)
<&(9,9) + Mg, 9) — 2(f, 9)-

(3.2.13)

Hence, taking infimum over g, we conclude that the (HW) lemma implies the
desired claim. ]

2. Claim: HRE\n)fHH = 1RSI
Proof. By the (HW) lemma,

n n n n n f
E(BY £ RS DANRY LR 1) =2(F, RV ) < €09, 9)4M(9, 9. )u—2M\(T, 9).
(3.2.14)
We add the term A(%, §> on both sides and use the Parallelogram law to infer
that

MBS =L < g~ L1+ £at0.0) ~ £V F R, (3215)

for any g € H. By definition of Mosco convergence, there exists a sequence
gn — Ry f strongly. Replacing g with g, above yields

MRS = 112 < Mgo = 117 4 €000, 90) — £BP 1 R p), - (3216

We take limit-supremum and use Mosco convergence definition to conclude
that

timsup MRS~ L2 < Mimas — L5, (3:217)
n—oo

On the other hand, weak convergence imply the RHS is bounded by the limit-
infimum of the LHS. Thus,

! L2
/ |

IRSY = [ = [|Raf - 1 (3.2.18)

lim
n—oo

We conclude the desired claim by parallelogram law in the above identity. [
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Then, the above claims imply that Rg\n) f converge strongly to Ry f as desired.
(«<=) We want to prove conditions (M1) and (M2) from Definition ??. We know

that Pt(n) f _}% P,f for any t € [0,t], t > 0 and f € H. By virtue of Hille-Yosida,
n o

the latter is equivalent to a corresponding statement for the resolvents, namely
RMWf— Ryf forall A>0and f € H.
n—oo

(M1) Let f, = f,ie. (fn,9)n nzeo, (f, g)n- To prove that liminf,, . &E,(f, f) >
E(f, f), we use the characterization on R) f from Exercise 77, namely

Ef, f) = lim X(I = R\f)f,[)ln Vn=1
A—00
and in particular the latter quantity its non-decreasing. Thus, for any n > 1

Enlfas fu) = NI = R s )2
= M= B fos fudae = MU= RUNE P+ A < (I = BV, Fa.

Adding and subtracting A < (I — R&n)) fy fn)n we obtain from the latter

En(fr Fu) = M = RS E, P+ M= B, fo — P
F M= BS) (o = ), o
> (I = RO F s+ 2N — RE)E fo— P

Taking lim inf,, ., on both sides of the inequality and using the weak conver-
(n) :
gence of R}~ we finally obtain

n—00 A—00

liminf £, (fn, fo) === X < (I = R\f, flu = E(f. f).

n—oo

(M2) Let f € H. We want to find {f,}n>1 C H such that f, —— f and
lim sup,, o0 En(fn, fn) < E(f, ). We know

(a) Pt(n) 2%, P f and hence Rg\n) 2 Ry f for all A > 0.

(b) A diagonal argument (HW) allows to choose a suitable subsequence for
which

> lim lim )(I — AR f, fin

A—00 N—>00
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Define now f, := A, R f for each n > 1. Then f, —> f because of
(a) and

E(f, ) = Tim A{(I - AnR“”f, P

n—oo

> limsup &, (fn, fn)~

n—o0

O]

Notice that in practice, checking (M1) may be difficult to check directly. Alterna-
tively on can use the concept of asymptotically compactness.

Definition 3.2.8. A sequence {(&,, D(&,)}n>1 of Dirichlet forms (on #,, or H) is
said to be asymptotically compact if for any {f, }n>1 with f,, € H,, (or mathcalH)
and

lim inf (Snfn,gnfn>y) < 00
n—oo
has a strongly convergent subsequence.

Theorem 3.2.9. Let {(&,, D(E,)) }n>1 be a sequence of Dirichlet forms on H,, (or
H) that is asymptotically compact. Then, the sequence T'-converges ifa and only if
it Mosco converges.

Proof. Mosco convergence implies I'-convergences by definition, see Definition ?7.
Thus, let us assume that the sequence I'-converges and prove the property (M2) of
Mosco convergence. We argue by contradiction: Let {fy,}»>1 such that f, LfeH
and suppose that

Hm inf Ea(f, fn) < E(F, f): (3.2.19)

n—0o0

Since f, — f, we can extract a subsequence { f,,, }x>1 with || fn, [l ——. Together
with (3.2.19),

hminfgﬂk(fnkv fnk) + ankH'H <0

k—o00
and it follows from the asymptotic compactness that we may extract yet another
subsequence { fn% }k>1 that converges strongly. Since f, = f by assumption, it

must hold that fn 2 f. However, if that is the case, by I'-convergence it must
hold that E(f, f) < lim infy o0 Enr (fur 5 fny ) Which contradicts (3.2.19). O

3.3. Resistance forms

Our original naive guess to define a Dirichlet form on SG was

.1 = Jim T, (10) = 1)

—

o (3.3.1)
D(€) = C(SG)
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But does this limit exist? Let us make a first computation to test whether the
above seems a meaningful definition. Let us start at the approximation level n = 0
and consider the function fy € (V) described in Figure ??. Its energy will be

Eo(fo. fo) =1 +1"=2.

Now let us move to the approximation level n = 1 and consider a function f; € ¢(V;)
that coincides with fo on Vg. If we compute its standard graph energy we obtain

Ei(f1, 1) = 2(1 — a)® + 2(a — b)* + 2a* + 2b°.

One can now set up a minimization problem to find out which values of a, b minimize
that expression. A little calculus gives a = 2/5 and b = 1/5. Plugging above these
values,

6 3 3
E =-=2-=-F .
1(f1, f1) E=% =% 0(fo, fo)
Repeating this procedure at level n = 2 we find

3

Esy(f2, f2) = 2(g>2-

An educated guess now tells us

3

En(fn, fn) = <5>nEo(f07f0) 70

Well, it looks like (3.3.1) might not be a good guess...

Now what??

Definition 3.3.1. A resistance form on (M, d) is a symmetric bilinear form (£, D(E)
such that

(R1) D(€) is a linear subspace of ¢(M) that contains constants and such that
E(f, f) =0 if and only if f is constant,

(R2) (D(E)/~,EY?) with f ~ g if and only if f — g = const is a Hilbert space,

(R3) D(&) separates points, i.e. for any x # y € M there exists f € D(E) with
f@) # f(y),
)

(R4) For any z,y € M,

|f(z) — f)I”
E(f, 1)

(R5) (£,D(&)) satisfies the Markov property, i.e. for any f € D(£), its unit con-
traction f belongs to D(€) and E(f, f) < E(f, f).

Re(a,y) = sup { : f € D(E),E(, ) > 0} < oc,

(©) Patricia Alonso Ruiz 44



3.3. RESISTANCE CHAPTER 3. DIRICHLET FORMS ON FRACTALS

Where does the name come from? The connection to electric network theory is
apparent.

Definition 3.3.2. Let V' C M be finite. A resistance network (&,¢(V)) is a non-
negative symmetric form given by

g(fag) = <f7_Hg>52(V) f)g GE(V),

for some symmetric linear operator H: £(V) — £(V') with the property that E(f, f) =
0 if and only if f is constant.

The operator H is sometimes called a difference operator.

Proposition 3.3.3. Let V. C M be finite. A symmetric linear operator H: (V) —
(V) defines a resistance network if and only if

(D1) HT = H;

(D2) H s irreducible, i.e. for any distinct x,y € V there is a sequence x =
21,22,...,2N =y such that the entries H, .., # 0;

(D3) H has negative diagonal, i.e. Hy, <0 for allz € V;
(D4) For any distinct z,y € V, Hgy > 0.
Proof. Homework. O

With the notation above, we my think of an electric network where V' C M corre-
sponds to the set of nodes or terminals, H;yl is the resistance between the nodes x
and y, and for any potential f € ¢(V'), the quantity H f corresponds to the current
associated with f.

In the context of electric networks there is a natural concept of distance, so-called
effective resistance, not to confuse with the resistance between two nodes.

Definition 3.3.4. Let V' C M be finite and (€,4(V)) be a resistance network. The
associated effective resistance distance is defined as

Re(x,y) = (min{E(f, ): f € L(V), fx) =0, f(y) = 1}) "
for any z,y € V.

Example 3.3.5. The standard graph energy on any approximation level of the
Sierpinski gasket V,, defines a resistance network. Indeed one can check that

E(f,9) =Y _(f(z) = F)(g(z) — 9())

n
r~y
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= 3 o) L@ - 1)

IGVn y’T\L/ZE
= (g9, Hnf)2(v)

For the case n = 1 we can write explicitly the operator H;

2 0 0 1 1 0
0 -2 0 1 0 1
0 0 -2 0 1 1
M=y 1 ¢ 4 1 1
1 0 1 1 —4 1

0 1 1 1 1 —4

In order to construct a non-trivial limit form it will be useful to understand when
two networks are “electrically equivalent”.

Definition 3.3.6. Let V3 C V5 C M be finite. Two resistance networks (&1, (V7))
and (&, ¢(V2)) are called compatible if for all f € £(V})

E1(f, f) = min{&(g,9): g € L(V2),g9lvy = f}.

The function that attains the minimum above is called the harmonic extension of
f to Vs,

Example 3.3.7. Consider the standard graph energy of the two first approxima-
tions of the Sierpinski gasket, Vy C Vi from Figure 77,

Eo(f,f)=> (fx) = fW)?  felVp)

0
r~y

Eif. )= (f@) =) fetW).
Given f € ((Vp) as in Figure ??, we ask ourselves how to extend f to a function

g € £(V1) that minimizes E1(g, g). Calling x,y, z the unknown values of g in V7 \ Vp,
and solving the corresponding (quadratic) minimization problem one arrives at

.%'—50/ 5 5C
2241
Y= 5°T 5T 5
_2, .2 1,
Z—5CL 5C 5

This is usually called the “%— rule”. Plugging into Ej(g,g) we obtain

1
5

Fi(g,) = SEo(/. 1)
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Thus, defining

g(](fvf) = El(fvf)v feg(vb)
(L0 =Bl S, felh)

makes these networks compatible.

Proposition 3.3.8. Let V. C M finite and (£,4(V)) a resistance network with
operator H : {(V) — (V). For any U C V let

e (fo | J0Y
Ju Xu

(i) E(f,q) = —(f, Xvug)eanuy defines a resistance network in V '\ U.

Then:

(ii) The resistance network (Ey,L(U)) given by
Eu(f,9) = —(f, Ty — I X I)9)ew)
is compatible with (€,4(V)).
Proof. (i) Extend f,g € ¢(V \ U) by zero on U.

(i) (a) Using characterization of Hy := Ty — JE X' Ju from Prop 3.3.3 we get
that (€y,4(U)) defines a resistance network.

(b) For compatibility with (£,4(V')) we need to check that
Eu(f, f) = min{€(g, 9) : g € V), glv = [}, Vf e lU).

Observe that for g € £(V') with f = g|y we have

£(g,9) = —{g9: Hg)ev) = — (9lv glv\v) (TU JE) ( glu )

Ju Xv) \glnw
= (9lv, ~Tuglv) — lu, Jrghno) — gl Juglu)
— (g, Xvglno) (Eglv, (JEX5 T0)glo))

= —(glv, Tuglv) + (glv, (G X5 Jo)glu)
— (Juglv, glvv) — (X5 Juglo, Juglo)
— {glv\v. Juglo) — (glv\v, Xuglhno)
= —{(glv, (Tv — JGE X5 Tu)glv)
Xy Juglo, Xvghno) — (X5 Juglu, Juglo)
g, Xvghno + Juglu)

—
—{
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= —{glv, (Tv = JG X" Ju)glu)
— (X Juglu, Xvghno + Juglv) — (ghnos Xvglhno + Juglo)
= —(glv, (Tv = JG Xy Jo)glu)
— (9o + X Juglu, Xughno + Juglu)
= —(glv, (Tv = JG X Jo)glu)
— (gl + X ugl, Xughnw + Juglo)
= —{glv, (Tv = JG X" Jv)glu)
— (gl + Xy uglu, Xu(ghne + X5 uglo))
= Eu(glus 9lv) + Eghnw + X5 Tuglo, gl + X Juglo).
Since g(g|V\U +X§1JU9\U, ghnu +X§1JUg\U) >0, for f = gly, we
have
Eu(f, f) =min{&(g,9) : g € V), glu = f}
and the minimum is attained for

_Jf,inU
I\ x5 0 f, m VAU

0
Corollary 3.3.9. Let (£,4(V)) and (€,4(U)) with U C V. These resistance net-

works are compatible if and only if

Ef. ) = —{f.(Ty = TEXF I0) Pew),

- Ty JE
Ju Xu

being the associated operator of (€,4(V)).

for

Example 3.3.10. On the triangle, Vj, with vertices pi, ps, p3 and resistances be-
tween them 1, we have

50(f7g) = _<f7 H()g>7

wo (3 H 1)
11| 2

The effective resistance between pq, pg is

Rey(p1,p2) = (min{&(f, f) : f(p1) = 0, f(p2) =1})7"

with
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(80(5172751&))
(( p2>(TU JUXUJU) >

o 0[(7 )(D
[0 03 (T O] -

0, on py

} O]

where U = {p1,p2} and 6p, = {
1, on p2

Lemma 3.3.11. Let (£,0(V)) and (£,4(U)) with U C V be compatible resistance
networks. Then,
Rg(]?,y):Rg(l’,y), V%ye U.

Proof.
Re(z,y) = (min{E(f, ) : f € V), f(x) =0, f(y) =1}
= (min{min{&(f, f) : f GE(V)vf’U = }:9(93
( ) =

= (min{€(g.9) : g € €(U), g(x

Theorem 3.3.12. Let (£,4(V)) be a resistance network. The effective resistance:

Re(x,y) = (min{€(f, f) : f € L(V), f(2) =0, f(y) = 1}) "
defines a metric in V.
Proof. For the triangle inequality: Let U = {z,y,z} C V, H="Ty — JEX[;lJU,
I;';yl the resistance between z,y, and H = (Hyy)zyev = (Tg JT;) Then, by

Lemma 3.3.11, we have
H,) (H' +H,')
Hy) + HeZ' + Hy!

Re(2,y) = Re(w,y) = (8, Ho,)) ™' = - =

O]

Thus far we have only considered a finite number (one or two) of resistance forms.
However ultimately we want to consider a sequence o approximating forms and its
limit in the following sense.
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Definition 3.3.13. Let Vj C Vi C ... C V,, C ... C M be a sequence of finite
sets. The sequence of resistance networks {(Ep,, £(Vin) }m>0 is said to be compatible
if (Emn, 0(Vin)) and (41, 4(Vin+1)) are compatible for all m > 0.

Definition 3.3.14. The limit of a compatible sequence of resistance forms {(&y,, £(Vin) }m>0
is the form (&, D(&,)) defined as

{«w, £) o=l so0 Em(Flvins flva)s
D(&) == {f € {(Vi): E(f, f) < oo},
where V, = UmZO Vi

Remark 3.3.15. By definition of compatibility, for any f € D(E,

gm(f|Vm7f|Vm) = min{5m+1(g,g): g|Vm =f,9€ E(Vm-&-l} < gm+1(f|Vm+17f|Vm+1)'

Thus, the sequence {En,(flv;,, f]v;,) }m>0 is monotone increasing and hence the limit
E(f, f) is well-defined.

Lemma 3.3.16. Let (&, D(EL)) be the limit of compatible sequence of resistance
networks. The associated effective resistance distance satisfies

|f(@) = fW)?

Proof. Let f € D(E,) and note that for any g = af + b with a,b € R,

l9(@) —gW)* _ a®lf(2) = fW)? _ |f(x) = fF)I
5*(979) a2€*(f, f) 8*(f, f) ‘

If f(x) # f(y), writing g(z) = % we have g(z) =0, g(y) = 1 and

Re, (z,y) = max { :FeDE), f@)# 1)}

e {2 = S0P

s EDE) T )

:max{g*(;g):gED(E*), g(ZE):O,g(y)Zl}
= (min{&.(g,9): g € D(E.), g(x) =0,9(y) =1})"" = Re, (1)
0

Theorem 3.3.17. Let (€, D(E)) be the limit of compatible sequence of resistance
networks.

(i) &« is a non-negative bilinear form, any f € D(E,) is continuous with respect to
the effective resistance metric and E.(f, f) = 0 if and only if f is constant;
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(i1) Forany f,g € D(Ex) let f ~ g if and only if f—g = const. Then (D(E*)/N,&gﬂ)
is a Hilbert space;

(iii) For any finite set V. C Vi and f € £(V) there exists f. € D(Ex) such that
folv = f.

(iv) For any x,y € Vi

|f(z) — f)I”

s S EDE), J@ AW}

max {

defines a metric in Vi;
(v) (&, D(Ey)) satisfies the Markov property.
Proof. Let {(Em, £(Vin) }m>0 denote the sequence of compatible networks.

(i) We prove continuity (in fact Holder continuity. By virtue of Lemma 3.3.16, for
any z,y € Vi, and f € D(&,)

|f(z) — fy)I”

5*(f7f) SS*(f?f)Rg*(x7y)

[f(@) = fy)I* = E(F, f)

(i) We prove completeness of the space. First note that by fixing z¢ € Vi, the
space Fo := f € D(&): f(xzo) = 0} equipped with the norm 5,,}/2 is isomorphic to
(D(S*)/N,Eiﬂ). We thus show that (.7-"0,&3/2) is complete. Let {fn}n>1 C Fo be
Cauchy.

For any g € ¢(Vy,), let hy,(g) € £(V,) denote the harmonic extension of g to Vi,
that is the function such that

Ex(him(g), hin(g)) = min{&(f, f): f € D(&), flv,, = g}-

Due to the compatibility of the sequence of networks, &£,(g,9) = E«(hm(9), hm(g)
for all g € £(V,;,). In this manner, &, defines an inner product on ¢y(V;,) := {g €
(Vi) : g(xo) = 0} for any m large enough so that xg € V,,,. Thus, since {fy}n>1 is
&4-Cauchy, for any such large m we have

Efilvis filv) < E(fi 1) 25255 0

whence {fn|v,, }n>1 is En-Cauchy and therefore convergent in fo(V;,). Let ¢™ €
lo(Vy) denote the limit of this function, i.e.

k—o0

Em(9™ = filVin> 9™ = frlv,y —— 0 (3.3.2)
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and in particular g™ 1|y, = g™ because &, (9™ — g™ v, 9™ — g™ y,) = 0.
Therefore, there is g € £y(V;,) such that g|y,, = ¢ for all m large enough.
We now need to check that g € D(E). By definition,

Em(9lVims 9lvin) = Em(g™, ™)
(9" = filvins 9™ = frlvi) +2Em (9™ = filvins frlvi,)  (3.3.3)

+ En(felvins frlvin)

< sup En (flvis frlvin )

k,m

where the terms in (3.3.3) can be made arbitrarily small using Cauchy-Schwarz
and (3.3.2).

Finally, we claim that (g — fn,9 — fn) 7% 0. Indeed, let & > 0. First, we can
choose n > 0 such that

E(fn —frofn—fx) <e  Vk>n. (3.3.4)

Now we may choose M such that

’8*(9 - fnvg - fn) - 8m<gm - fn‘angm - f‘vm)‘ <eVm>M (3.3.5)

and k& > 0 so that

(3.3.6)

(iii) Let V' C Vi be finite and f € (V). Then there exists M > 0 such that V' C V,,
for all m > M. First we can extend f to V;, by defining fyy = fon V and f =0 on
Vin \ V. We can then take the harmonic extension f = hps(far), which necessarily
satisfies

E(f, F) < E(far. fur) < o0
(iv) Combine Theorem 3.3.12 and Lemma 3.3.16.

(v) Let f € D(E,). Then its unit contraction f satisfies
Ef f) = n}gnmgm(f\vm, flv,) = im ~(Hun Vo> FlVi )2 (vin)
= lim Y (Ha)n) (F@) — F@)? < Jim S (Hu)3) (F() — £0))
y~a

m—00
n
y~zx

O]

Corollary 3.3.18. Let (&, D(Ei)) be the limit of a compatible sequence of re-
sistance networks {(Em, {(Vin))tm>0 with Vi = U590 Vin- Then (Ex, D(Ey)) is a

. —R
resistance form on (Vi °*, Rg,).
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Proof. Any f € D(E,) is Holder continuous with respect to Rg,. We may then
extend f to V*RSI by density. O

Example 3.3.19. We would like to construct (&, D(Ex)) on (SG, Rg,). If we write
SG = U?Zl 1;(SG) and denote the three corner points of SG by p1, p2, and ps, we
may define

3
Vo ={p1,p2,p3}, and V, = U Yi(Vin—1), m>1. (3.3.7)
i=1

Then we have that for V, = U?:1 Vi(Vin—1), V*dE = SG. If we can show that the
topologies induced by dr and Rg, coincide, then V, will be dense with respect to
R¢, and we may apply Corollary 3.3.18.

*

To show this, first let x,y € V,,, be neighbors at level m, so that dg(z,y) = (%)m
Let hy be the harmonic extension of

5,(2) = 1, z=y
=0, s e o).

Note that 6,(z) € £(V;;,). By harmonicity, we have

5*(hy7 hy) = nlggo 5n(hy|Vna hy’Vn) = Em(éy(z),éy(z))

-y @m (6,(x) — 6,())?

m
y~z

{4(§)m if y € Vi \ Vo

2(2)" ifyeW.

On the one hand, by definition, Rg, (z,y) is a maximum over all functions f € D(&y)
with f(x) =0 and f(y) =1 of, so
Ry () = 1y (y)]
Ex(hy, hy)

On the other hand, h, minimizes &,(f, f) for any f € D(&,) with f(z) = 0 and
fly) =1of, so

< RS* ([L‘, y)

h —h 1
| y(ZE) y(y)’ _ > Rg*(l',y).
8*(hy,hy) E*(hyahy)
We see that
5\ log(5/3)
Reo) ~ (5) = el 5
Note that the exponent here is d,, — dg, where d,, = }gggg is the walk dimension
and dyg = igég; is the Hausdorff dimension. This relationship holds for neighboring
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points at level m. For any two points, we may construct a chain of such neighboring
points which connects the two, so in fact, this relation holds for all points. Hence,
the topologies agree, so V*dE = WRE*
Theorem 3.3.20. Let (€, F) be a resistance form on (M, Rg,) and assume (M, Rg,)
is separable. Further, let p be a o-finite Borel measure on (M, Re,) and

= SG and we may apply Corollary 3.3.18.

E(f,9) == E(f,9) + /M Fodu.

If FN L3(M,dy) is dense in L2(M, ju) with respect to || - I L2(ar ), then there exists

a non-positive self-adjoint operator L : D(L) C L*(M, i) — L*(M, i) such that
E(f.g) = —(L'?f, L1/29>L2(M,u)'

In particular, (£, F N L2(M,du)) is a Dirichlet Form on (M, Re,).

We use the following characterization.

Theorem 3.3.21. Let (£,D(E)) be a densely defined symmetric non-negative bi-
linear form in L?>(M,u). The following are equivalent:

(i) There exists a non-positive self-adjoint L : D(L) — L*(M, ) such that E(f,g) =
—(LY2 £, L 2g) r2ar )

(ii) (D(€),€11/2) is a complete (Hilbert) space.

Proof. See Heat Kernels and Spectral Theory by E. B. Davies. O

Proof of Theorem 3.3.20. First, we show that the space (D(E),Ef/z) is complete,
where £2(f, f) = £(f, f) + [u; fdp.
Let {fn}tn>1 € D(€) be &-Cauchy. Then,
E(fn—fm,fn—fm)%()asn,m%oo, (*)
| frn = fllz2 — 0 as n,m — oo. (**)

(D Take z9 € M and set g, = fn, — fn(x0), then by property (R2) of resistance
forms, 3¢9 € F with g(zp) = 0 and such that (g, — g, 9n — g) — 0 as n,m — oc.

(2) By virtue of (R4) in the definition of resistance forms,
l9n(2) = 9(@)* = (gn — 9)() = (90 — 9)(@0))* < E(gn — 9, 9n — 9) Re(x, o).

() Since p is o-finite there exists a sequence of bounded sets { M, };,>0 with 0 <
n—oo

w(My,) < oo, and |J,, Mym = M. Therefore, by @), |lgnlas,., — 9la,, || —— 0,
V¥m > 0, which means g,|s,, is L?(Mn, |21, )-Cauchy.

We also need that {f,(zo)}n>1 converges to something, but it follows from (**)
that (—gn|ars, + fula,) (= fu(zo)) is Cauchy in L?(M,y,, pt|as,,) hence 3¢ € R such
that f,,(20) —= c.

(©) Patricia Alonso Ruiz 54



3.4. SINGULARITY CHAPTER 3. DIRICHLET FORMS ON FRACTALS

@ Define f = g+ ¢ and check :
@ E(f = fus f = ) =50

n—oo

® |f = fallpz —— 0.
To prove (a),

g(f — [ f — fn) = 5(9 +c—gn— fn(xO)ag +Cc—gn — fn(x()))
= g(g —9n, g9 — gn) + 25(9 —Gn,C— fn(xO)) + E(C - fn(xo)v Cc— fn(xo))
_ L2 (Mo ) _ Kok
® We know fula, = gnlr, + fa(o) ———= glm,, + ¢ = flm,,. Thus, by (*¥)

there exists f € L2(M, pu) such that ||f, — f~’||L2(M7N) — 0, and thus

.ﬂMm = f|m,, for all m.

3.4. Singularity of energy measure on SG

Let us recall that (£,D(€) is a local and regular Dirichlet form on SG. For any
f € D(E), the energy measure of f was defined as the measure vy such that

[y = G5 1) = SEGR) =~ L) + L))
M

Vh € C.(M), and notice that [, dvy = E(f, f). When existent, the associated
Carré du champ operator satisfies

DS, f) = SLU) - FL(A)
so that )
[P = (1) = SRR = (LR, B
The main theorem of this is section is:

Theorem 3.4.1. For any f € D(£) C L%(SG, 1) the energy measure vy is singular
w.r.t Q.

Before proving it, we recall some basics about the construction of SG. First,

3
SG = | J%i(SG) = T(SG).

i=1
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Second, we define W,,, to be the space of words {1,2,3}", and W, := | W,,,. In
=1

(2

this way, the graphs that approximate SG have vertex set
Vm: U wwl owaO-"ow’wm(‘/O)'
w=Wm
Finally, SG is equipped with the standard Bernulli measure which satisfies

3

u(SG) =Y n(¥i(SG)).

i=1
Note that u(1;(SG)) = 2.

Proposition 3.4.2. For any x € SG, there exists w € WIN, not necessarily unique,
such that

r= ) Yurw, (SG) = lim Yu, ., (SG).

m>0

Proof. This follows from the fact that we have a monotone decreasing sequence of

compact sets, Yy, . w,, (SG) = Yw; .., 1 Vw,, (SG) C Yy, (SG) C SG. O
Corollary 3.4.3. For any x € SG, there exists {T}, }n>0, Tn = Yw,..w,, (SG), such
that d(z, Ty,) === 0.

Lemma 3.4.4. (SG,{T}7}n>12e5G, 1t) is a probability space.

The proof of this is left as an exercise, following from the fact that {7*: n > 1},esa
is a basis for the topology of SG.

The next Lemma will use the Lebesgue differentiation theorem for doubling mea-
sures. In the case of SG we have something stronger: there is ¢ > 0 such that
cIr® < u(B(z,r)) < cr® for some exponent . Indeed, if r > 0 and n satisfies
27" < < 27" then

1 log 3 _nlog3 1 - - log 3
SrioE <27 = = (T < u(Ble,r) < p(Ti) < Briee,
A measure satisfying this property is called fgg—Ahlfors regular because there is a

constant C' > 0 such that

log 3 log 3

Cild(lyy)@ S M(B(JZ,T)) S Cd(aj,y) log 2

for any z,y € SG.

Lemma 3.4.5. Let f € D(E) with associated energy measure vy. Assume that for
p-a.e. x € SG and {T7},
lim 3"v¢ (7)) = 0.

n—o0

Then vy L p.
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Proof. Suppose v < u. Then, there is a measurable function h such that for p-a.e.
x € 5G,

(1) 1 /
0= lim = lim hdp = h(z),
n=oo u(Ti7) — n=oo u(T57) Jrg )

where the first equality follows from assumption and the last by Lebesgue differen-
tiation. n

The strategy to prove theorem 3.4.1 (DOUBLE CHECK NUMBERING) is to first
show lemma 3.3.23 for harmonic functions (i.e. it minimizes £(f, f)), and then
extend to any function.

Lemma 3.4.6. There exist matrices A1, As, A3 € Msxs such that for any harmonic
function h,

hlwi(Vo) = Aih|vg- (*)
In particular, dim{h € D(E) : h is harmonic} = 3 and A3 + A3 + A3 = 21.

Proof. A basis for the space of harmonic functions is given by {hq, ha, h3} where
each of these functions is defined to be 1 in a different vertex of Vj and 0 elsewhere.

. . . . - . 2 1
Therefore the space of harmonic functions is 3-dimensional. By applying the ”£, &
rule” | one finds the matrices

1 0 0 2/5 2/5 1/5 2/5 1/5 2/5
A= 12/5 2/5 1/5|, A,=|0 1 0], Ay={1/5 2/5 2/5
2/5 1/5 2/5 1/5 2/5 2/5 0 0 1

satisfying () and then the equality A3 + A2 + A2 = %I follows by a direct compu-
tation. ]

Corollary 3.4.7. There exist matrices fil, fig, fi?, € Moo such that any non con-
stant harmonic function satisfies

h‘wz‘(VO) = Aih‘Vo-

Proof. One can construct a basis for this subspace by choosing {711, iLQ} as linear
combinations of the basis specified in the previous lemma so that constants are not
included in their span. Then, A; is obtained by expressing A; with respect to this
new basis. O

We proceed to the proof of theorem 3.4.1 (NUMBER MAY CHANGE — DOUBLE-
CHECK).

Proof. The goal is to show that for z € SG and {T'*} an approximating sequence
of n-cells, 3"v,(T,) — 0 as n — oo whenever h is harmonic and non constant. It
suffices to show that

1
—log(3"v,(T)7)) < 0
n
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for large n. The reason of this is we can use a result in random matrix the-
ory due to Frustenberg and Kesten, which states that for Y7,Ys,... an i.i.d. se-
quence of n x n matrices with E[(logY;)+] < oo, there exists v # 0 such that
limp o0 = log [|Y1 - -+ Yy || = 7 almost surely.

Step 1: To x there corresponds a word wiws ... which gives an approximate se-
quence of triangular cells 7Y = oy wy..w, (SG). By virtue of Corollary 3.4.7, any
harmonic function h may be approximated by

h"Tn = Awn e Awlh‘vo'

Step 2: Note that

3" (T3) =3" ) (g)n(h(Z) — h(y))?

z,YyeETY

5 n
_3n <> Eo(h 0 Yuy.cawns h O Yoy,

<_H0Awn T Aw1 h, A’LUn T Aw1 h>62

Step 3: Now,

1(—Ho)Y?h|vy 1% = Eo(h, h)
3

= <2> Eo(h o i, h o)

i=1
=53 [ l-H) Al [t
=5 [ H) Ay bl o)

SG
n 2
=...=9 / H(_H0>1/2Awn . "Aw1($)h|\/ngsz(x)-
SG
Step 4: Lastly observe that
/m log | (—Ho)'/* Au, -+ Auw, ()h]vs | 2 ()

<log /sc I(=Ho)' 2 A, -+ Au, (@), [l 2dpa()
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1
< 5108 | [ I-H0) A0, An (@bl (o)
SG
1

= = log 57"||(— Ho)"?h|v; || %

[\

where the first and second inequalities follow by Jensen and Cauchy-Schwartz re-
spectively, and the last equality follows by step 3. So by Frustenberg-Kesten,

1 1.
lim ElogH(—HO)l/QAwn~--Aw1h|vo|| =7 < ;logh L

n—oo
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